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DEFINITION Directional Derivative
Let f be differentiable at (a, b) and letw = (u;, u,) be a unit vector in the xy-plane.
The directional derivative of f at (a, b) in the direction of u is

a+ hu,b + hu,) — f(a,b
Dur(ab) = tim 1@ T b+ ) = f(a.b)
. h—0 h

.

provided the limit exists.
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DEFINITION Gradient (Two Dimensions)

Let f be differentiable at the point (x, v). The gradient of f at (x, y) is the vector-
valued function

V(5 y) = (AEAE) = £ @)1+ 55
L
o) Comput VT12) where T06D= 2xytx

gFoe) 2 L3y, Jy7 2 YRX 22
yfea) - <2 (24200, 200 Hb. 22
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THEOREM 15.10 Directional Derivative L wnit vecter!
Let f be differentiable at (a, b) and letu = (u,, u,) be a unit vector in the
xy-plane. The directional derivative of f at (a, b) in the direction of u is

D, f(a,b) = (£,(a,b). f,(a,b)) * (u,, ).
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THEOREM 15.11 Directions of Change
Let f be differentiable at (a, b) with Vf(a, b) # 0.

1. f has its maximum rate of increase at (a, b) in the direction of the gradient
Vf(a, b). The rate of change in this direction is |V f(a, b)|.

2. f has its maximum rate of decrease at (a, b) in the direction of —V f(a, b).
The rate of change in this direction is —|Vf(a, b)|.

3. The directional derivative is zero in any direction orthogonal to V f(a, b).
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13.5 1 =aial.

Planes in Space

GILLETT < SCHULZ
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DEFINITION Plane in R3

Given a fixed point £ and a nonzero normal vector n, the set of points P in R3 for
which P Pis orthogonal to n is called a plane (Figure 13.72).
2h

n={a,b,c) —) "yJ\\ S the V\(SVYV\Q,\ veclov
A

P(x, 3, 2) _'>0\V\y Pcfn"(’ oh /910*“'6 .

Folxoy yoﬁ

- -——)
> 2w PDP _L f

y

( The orientation of a plane is

specified by a normal vector n.
All vectors PP in the plane
_are orthogonal to n.
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General Equation of a Plane in R’

The plane passmg through the point P, (xO, Yo» Zo) With a nonzero normal vector
n = (a b, c¢) is described by the equation WW;"““"’ ot ¥

.+b O+c(z—@=0 or _c_z{+_{9y+cz—d
where d = ax, t+ by, + cz, \ >§ ﬁ,’%&

% Yo 2e . A
eq. « P, (2,73,9), simpl1tY

A= l-%, 0,27 Waot is Ahetguodion Y teplael

_% (Xx= 2 )0 (Y-())t2(z-0 )=0

’P Pearson ALWAYS LEARNING Copyright © 2019, 2015, 2011 Pearson Education, Inc. Slide 3



15.6 Eav

angent Planes

GILLETT < SCHULZ
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DEFINITION Equation of the Tangent Plane for k"(x, y,2) = B

Let F be differentiable at the point Py(a, b, ¢) with VF(a, b, c¢) # 0. The plane tan-
gent to the surface F(x, v, z) = 0 at P,, called the tangent plane, is the plane passing
through P, orthogonal to VF(a, b, ¢). An equation of the tangent plane is

F(a,b,c)(x —a) + F(a,b\c)(y — b) + F.(a,b,c)(z — ¢) = 0.
p,Vﬂ-D“%'f 0-[- T_ — Y\OY‘W\OA vectv
o‘tfmqﬂ"f
plane_ .

VF(P,) normal to tangent plane

’

Fx,y,2) =0 N

—

Tangent plane formed

by tangent vectors for

all curves C on the
surface passing through P,
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gple - Equation of a tangent plane for F(x,y, z) =
+y°+2z° =2atth ts (1,0,1) and (—1,1,0
iliiniiy epoms(«ar—)an S 4 f'(xﬂ't) ¥+7+2

f<z>< 39 47 7
gFlioN = L2, 0. 47 > "

D(x -\ )+oly- 0 )+ aET

gL AT —HO 2K t4¢? = &

T ORCLie) 242, 2,07 =0

2(X- (-H)) WUYy- 1)+ (2~ D=0
2% -2 ’i‘?‘_/)"3> O 23N =F
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—FO(/Z)\%);O .FX (x- ?<o )+t FJ (j —.-yo) ’('Fa_tz-'z,)‘-‘—a

Tangent Plane for z = f(x,y) _

Let f be differentiable at the point (a,b). An equation of the plane tangent to the
surface z = f(x, v) at the point (a, b, f(a, b)) is

z = fila,b)(x —a) + fi(a.b)(y — b) + f(a.b).
—

/T\z 32 — 342 — 4y? f(?(/ 9)—2=0 -
- .
%, @) Y F:«)‘/{D "P
Yeo.Yo D 2o - T=,90) = C

£.(%-¥o)t j‘j) (y-Y,)- I(2-90

)x/l ~ z = Tx (3(’)(‘9 ‘("ﬁ) (‘j "Vb)’l‘ C
s T (X9 ey (9-y) +TOAL)
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Example - Equation of a tangent plane forz = f(x,y) = & fn (y 9) 2 ,
z = sinxy + 2 at the points (1,0,2) and (0,5,2).

o=1 L=0., ()
Z:—J‘-,XL/X-— ) + fno (p-0) t 2

(f\)( < CO.SO(EQ) 0 ’fﬂ = (os (K'%) - X
Felo)zeuo F, (10)=ces(9 |7\

-0 «

2L s-0 t ((9) 4= gt Lo | P
2 - Fr (-5 A Fo (Ays—)w
"f;q(o $)" |- £ ’fﬂ(Drffo' n=d{ .o, ~P

2< S X+ 2

g—
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Maximum/Minimum
Problems
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DEFINITION Local Maximum /Minimum Values

Suppose (a, b) is a point in a region R on which f is defined. If f(x, y) = f(a, b)
for all (x, y) in the domain of f and in some open disk centered at (a, b), then
f(a, b) is a local maximum value of f. If f(x,y) = f(a, b) for all (x, y) in

the domain of f and in some open disk centered at (a, b), then f(a, b) is a local
minimum value of f. Local maximum and local minimum values are also called
local extreme values or local extrema.

Local maximum and
Z A absolute maximum
onD \

Local maximum

y
/

Local minimum ' [ ocal minimum and

absolute minimum
onD
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THEOREM 15.14 Derivatives and Local Maximum /Minimum Values
If f has a local maximum or minimum value at (a, b) and the partial derivatives f,
and f exist at (a, b), then f,(a, b) = f,(a,b) = 0.

DEFINITION Critical Point

An interior point (a, b) in the domain of f is a critical point of f if either

1. f(a,b) = f,(a,b) = 0, 0r
2. at least one of the partial derivatives f, and f, does not exist at (a, b).

Local maximum and
ZA absolute maximum
on D \

Local maximum

-

-

x ; 3
/
Local minimum

Local minimum and
absolute minimum
on D
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Example: Find critical points

flx,y) =x3+6xy—6x+7y2—2y
- = -2°=0
Fx=3xby- b =0 Jogrexne2

3x?*= Y +b LX@
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29) Finol oll critlcal pts of £1X,9)= -4xy-x*-y4

fx= 49— 4 §y =-4%-4Y> e need both fitfyo
SO, —4-\5-4\-3(3:0 -4)(—4-&}:0
-l D
Ao
v SRNEO e e et
(- xy):o WX«O oY XK= .
ovikicsh POIWtS:
i} x=039Y=0 Co,0)
x=\_.9\o="l ¢ )
=2 9= [AVRP,
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gerono devivative Test : Sesonch oWt o\ deyivetive fux :('”5 Ty
’&97‘

Local maximum and
A absolute maximum
onD \

(8]

Local maximum

-

/

Local minimum Local minimum and

(The hyperbolic paraboloid )

absolute minimum 3 4
on D | point at (0, 0).
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DEFINITION Saddle Point

Consider a function f that is differentiable at a critical point (a, b). Then f has
a saddle point at (q, b) if, in every open disk centered at (a, b), there are points
(x, y) for which f(x, y) > f(a, b) and points for which f(x,y) < f(a, b).

" The hyperbolic paraboloid )
2 i
z = x* — y“ has a saddle
| point at (0, 0).
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THEOREM 15.15 Second Derivative Test

Suppose the second partial derivatives of f are continuous throughout an
open disk centered at the point (a, b), where f (a,b) = f (a,b) = 0. Let
D(x,y) = fo (%) f,,(x ) = (fy(x,¥))*. &= Diseviminont

1. If D(a, b) > Oand f_(a,b) < 0O, then f has a local maximum value at

(a, b).

2. If D(a,b) > Oand f_(a, b) > 0, then f has a local minimum value at
(a, b).

3. If D(a, b) < 0, then f has a saddle point at (a, b).

4. If D(a, b) = 0, then the test is inconclusive. ks sheolie igriiis

onD\

Local maximum
| X 7
| w -
Local minimum

Local minimum and
(The hyperbolic paraboloid | absolute minimum
2= 2% — y? has a saddle on D
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Example: Find and determine the types of critical points

flx,y) =x*+ 2y? — 4xy

= WU~z el hae
£ b o Fy= WYThxo detial gy

>z Y =X
L ) Citice powt
3 =0
w3 %0 = >V D
7‘:};‘?{;’0 2| = =\ cuv)
x C
=9, -\ \
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Example: Find and determine the types of critical points

—‘]i (x, )’L);.‘{Z; Zyz—j-_.oix%,fj Ly patieod Poivts (O o, 1) E,7)
X € / y

Fie= 2 o ;4 1‘§‘0\0 N bk o 1b
Doy =Fox Tuy ) =12x- % ~ (_LO. =
DLe® =48 o -t = ~lb<® S aoddle point octlo )
S0 = 48 P-lb=3270 & dgc Ly, =12 1721270
=) l.oc»k min Ot (,l,()
D L) = pqpt-)—t6=3270° X fox @,
=) [Duv\ min 0t L—\;"‘)

o
)= 2(=)=]27?
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-(’Kfﬂ“'k clerivatives’  fx=—4Y -4x> £y = ~4x -4.163 -f,mo s~y

Frx = ax™ ".(‘93 =-2Yy"
v X “9) = ’f{xhj‘('f mg)L = (~( 2Xx") (—Q.t,")— [—(ﬂ"-
= e =1L

Do w) =14 .ga..i—_u,r(u <o saddie pt ot (0-0)
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Example: Find and determine the types of critical points
flx,y) =4+ x*+3y* 2
Find £e= 4y> =0 'ﬁ\o‘/\?—‘o =0 critiaok powt’ L°'°>
X >0 Y >0
frmd™ feyrD gy

 ,2
D x4 =02x> (3> -0 7= 452 x )
= Thconclusive
Joes nst tedl use the. -&ypes

v all () & 0->) aMT{o,o);q
rok Mo\l/d:e M INMA M otthe W""T

Do) = 0O

[>
sb\ce '£ (K/‘O) > 4 -

(0.0) 15 o loco\ O
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DEFINITION Absolute Maximum /Minimum Values

Let fbe defined on a set R in R? containing the point (a, b). If f(a, b) = f(x, )

for every (x, ) in R, then f(a, b) is an absolute maximum value of fon R. If
fla,b) = f(x,y) forevery (x,y) in R, then f(a, b) is an absolute minimum value
of fon R.

Local maximum and
Z A absolute maximum
onD \

Local maximum

-

Local minimum Local minimum and
absolute minimum
onD
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PROCEDURE Finding Absolute Maximum /Minimum Values on Closed
Bounded Sets

Let f be continuous on a closed bounded set R in R?. To find the absolute maxi-
mum and minimum values of f on R:

1. Determine the values of f at all critical points in R.
2. Find the maximum and minimum values of f on the boundary of R.

3. The greatest function value found in Steps 1 and 2 is the absolute maximum
value of f on R, and the least function value found in Steps 1 and 2 is the
absolute minimum value of f on R.
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Example: Extreme values on a closed region

flx,y) =2x*+y% R ={(x,y) : x* + y* < 16}
Tesde :  fezlx =0 = X=°

&_O‘Hwtole)}evbmla& :f\o:-?_‘g —o =9 Y>>

\ Criticok Pt (©.0)

/
\J -(—(.o.o) =D-040= 2
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Example: Extreme values on a closed region

fO,y) =2x*+y% R ={(x,y) : x* + y* < 16} i

U on dhe bowndoly:  xstest , Ydeint

5&/'\ 31 dbet <2
DAY £9)= 2(&tost) Tk [ 4eint)”

1
\_/ :%Leos’:t +(bsth £

7 “
1© _ - 4 routa-32lest st
_,_&‘g = L& tostsint A 3romt b,. yd IV o
ot +~0, =2, %, =,

£d=3r £(Z9e |6, FI=3r, £(3)=t16

Ponts Volune .

4 )
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Example: Extreme values on an open region

fO,y) =x*—y% R={(xy): x| <1yl <1}
Tside : fx=2¥=0 S x=°  ritiesk poit
£p= 29 2 H*°

6.
Onthe bwm,b (ast inclweek)
Y=\, A £X2)
£ =X\

e LS / et g

0
£)= 179 ¢ S P

2\

vz, ~1exel
o) e X'\
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Example: Extreme values on an open region

flo,y)=x*—y* R={(xy): Ix| <1yl <1}

_ Left +Right X= 1)
Top *Botem il :

T.l_—\;';XL’\ ,r'\ c¥X &) o | - > ‘S‘ (49)= l“oL/ :—lﬂ f'i
=0 2 ¢ Y J{ §g)=29=°"9
£ =° R o e T:-bl
10 - —&CD) -:

£ =0 7 7l 7 FLO=°
o 4 ©

l\lb &\Ogbhl*‘( YVW‘)‘\.W\\M’\ arY Minhuwm  th bYelv\ R

s on R . mov=) idl
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Figure 15.79

Find the maximum and minimum
values of z as (x, y) varies over C.

~

Constraint
X curve
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PROCEDURE Lagrange Multipliers: Absolute Extrema on Closed and
Bounded Constraint Curves

Let the objective function f and the constraint function g be differentiable on a
region of R* with Vg(x, y) # 0 on the curve g(x, y) = 0. To locate the absolute
maximum and minimum values of f subject to the constraint g(x, y) = 0, carry out
the following steps.

1. Find the values of x, y, and A (if they exist) that satisfy the equations

Vf(x,y) = AVg(x,y) and g(x,y) = 0.

2. Evaluate f at the values (x, y) found in Step 1 and at the endpoints of the
constraint curve (if they exist). Select the largest and smallest corresponding
function values. These values are the absolute maximum and minimum values
of f subject to the constraint.
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Figure 15.81 (a & b)

Z
fay=xt+yr+2 1

Maximum and minimum
values of f occur at

z=10 points of C where the
level curve is tangent Level curves of
to the constraint curve.
YA f(xy)=x2+y2+2
Function values
. D B
corresponding to - Level curve
constraint curve C. Fooy) = 14
At maximum and Xy 3
minimum points, 14
the level curve is 3
tangent to the
constraint curve. x
_ Level curve —
_fy) =10
| -y
Level curve —
fG,y) =10
Level curve . .
f ()C ) _ 14 Constraint CUI';’C ) Constraint curve
"y 3 Cglx,y)=x"+xy+y"—4=0 Cig,)=x>+xy+y>—4=0

X
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Figure 15.80

f attains its maximum
value on the constraint Level curves of f

w29

VF(P) YA
Vg(P)

P(a, b)

T T em >

Tangent curve
tngatP C:glx,y) =0
Vf(P) is parallel
to Vg(P) at P.
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Figure 15.82 (c & d)

Assuming f has a local Assuming f has a local

minimum on S, it will maximum on S, it will

occur at points where Z occur at points where Vf(a, b, c)
Vf(a, b, c) is parallel Vf(a, b, c) is parallel

to Vg(a, b, ¢). to Vg(a, b, ¢).

Vg(a, b, ¢)

-
-
o L=l =g B

Vf(a, b, ¢)

Level surface —
of f

Constraint surface
S:8x,y,2)=0
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Figure 15.83
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