
15.5 Directional derivative



What is the difference between the partial der

and directional der . ?

fy
north /
south

fx east -west

tells difference of height as
the

How about inthe northeast/southwest direction ? hiker moves



An :
that Is given by thedireceiondder .

change of f-ix.y) in some direction it
where it is a unit__eetI giving us

the direction .



We'll start with the gradient of a function first.

ex) compute Pfc 1.2) where fcxiy)=2xy
-1×2

✗fix , y) = 4- × , fy> = 429-1242×7

Tf u . 2) = 42 (2)-1241 , 247> -46.27



Sometimes you 'll be given a vector make
sureyou change it to the corresponding

t unit vector !

-

Laotians ) -ñ
'

dot product of
gradient off
at la , b) and unit
vector a-to

ex] Compute the directional der . of fixing)=FÉ→
at II. 2) In the direction of <2,27 .

Otani =L }¥Fy+z , z¥f+yy,> =⇐yFEz , ¥+7k>
0th .2) = <¥G , "¥É > = <¥ '

.



t
direction <2,27 is not a unit vector .

a unit vector in the same
direction is obtained

by Y*=%¥⇐=fg < 2.2 >
ñ=L¥¥ ?

the directional vector off
at pt ( 1. 2)

in the direction of
< 2,2 > Is

yfcl.it
- u=<¥,¥ > •f•¥§ÉÉ¥

= ¥0 + For =÷⑤



On AW , you are
ask to find the

"

unit vector
"

in the direction of sharpest increase / decrease . In the

theorem
,
Tf ca,b) = Lf ✗ Ca ,b),fy (a. b)

7 might not

be a unit vector . make sure you change the vector

oflab) into a unit vector
.



ex) fcxiy) = 4 In txty) P 12,3)

a) Find a unit vector
that gives the direction of

sharpest
increase /decrease .

☐fix ,g)= (¥y ,¥y >
of G.3) = <¥

,

¥>
=L¥
,
¥7

Note that L 4/5,4/57 is not a unit vector .

so the answer should be gY5%÷¥→=÷%.it/s-.4P--#sL4-s-.Ys-7--IEcY--.¥7
= 2¥. .¥.>

max decrease-0 - L¥u¥g > =L-¥r
,

-¥7



b) Find a vector that points in the direction of

no ÑÑ
do not have to be a unit vector

6-¥, ¥> or 4¥ , ¥ > or C-4, 47 or £4.47
- -

-

any vector
Ti such that

Ñ • (¥ ,¥ > = o works .

I
dot product .
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13.5
Planes in Space

2
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-
→ Ñ is the normal vector

_→
-

→
any point

on plane .

→ given Ppp IT .
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£-0
-
O

-

O
5%49? otñ

.

I
,
#

Xo Yo Zo

e-9- • Pok -2 , -3 , ⇒ .

simplify

• Ñ =L -3 , 0,27 What is theequation ottkplane?

- § ( x - 2) to ly - (-317-1212--0)=0

- 1-3×+23-122=0 . 1-5×+22=-223



Slide 4Copyright © 2019, 2015, 2011 Pearson Education, Inc.  A L W A Y S  L E A R N I N G

15.6
Tangent Planeso
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☐

-

gradient of 7 = normal vector
oftangent
plane

.
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FIX . 9.2-1=117-93+2-4

51%1 :D .

d
* 0

OF 11.0 1) = < 2 , 0 .
47

.

=Ñ

-2 ( X - 1 ) + 01 y - O ) -1412--17=0

-2 (X- L-D ) t 3 ( y
- I 7 -1 o CZ - o 3=0

-2×-2 +3 y -3=0 -2×+3 y = 5
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F

T-xlx-xolt-tycy-yol-F.cz#-0--*cx.y)-Z=0-Y--F.y.a).FF=Ktx
,ty ,-1$

Xo . Yo ⇒ Zo = f-(Xo , Yo)
= C

f-✗ (X - Xo) + fy ly - Yol
- lot - c) -0

2- =txlx-XD-tgly-YD-c-txlx-xo-tyly-YD-tox.lk)
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= slncxy) -12 .

a= I b= 0
. 2-

2- = f- ✗ LX- 1) + fylb
- o) -12

tx-c-xyyfyi-coscx.y.xfxli.co)= coslo)-0 fy 11.0)=cos( D- IF I

=D r

z = ocx - D -11 (y ) -12=9+2 . h→ -10,1
,-17

Z-txlx-03-fyly-53-2.k-fx.fy-f.it
✗ (D.5) = 1.5 ty (0,57=0 . Ñ= 25.0

.

-D

2- = 5 ✗ + 2



Find an eq of the plane tangent to
the given surface

↳ Yo ,txo, D) E- Cosh
-E) = cos"z=O

at the given pt . ←
←EEE i 4. ¥ . z=fh

FIX/Y ,Z) = cos (✗ y) -2=0
☐Fix.yz) =L-sinky y ,

-sin 1×9> -×
,

-1 >

z.fylx-yptfyly-YD-tko.TO
YE TF

TF" ' ☐ =L-sin;) .¥ , -sin 1¥) - 1 , -17=-11×-1)
- Ily-91+0

=L ① i
- i>

⇒ µ , , , , , , , ⇒ , , , ,>→
= ✗+; .y+E

z=-¥x-y
-Ex -1¥ - Y -1¥

- 2=0

f¥×_y_z=
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15.7
Maximum/Minimum 

Problems
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Figure 15.67
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fx -3×2+69-6=0. fy=6X-12g -2=0

3×7 -by -16 6×=-2y
×2=-2y
~

y÷=36✗ =6X

✗2-611=0 -2g-12=0

✗ 1×-63=0 2=29 →y=34

✗-0,6 1=9 D= -17

critical Points : (0-1) ( 6
,

-17)



e.g.) Find all critical pts of fix, g)= - 4xy-✗4- y 4

f-✗ = -4g -4×3 fy = -4×-493 we need both f×=fy-0

so,
-4Y -4×3=0 -4×-4,93=0
↳-49=4×3/-4×-41- ✗3)3=0
& y= -✗

3

- 11--1×9=0
✗(1-1/8)=0

either 11=0 or 71--1=1 .

critical points :

if 4=0--79--0
(0,07

✗ = I⇒ y
= - l Ll . -1 )

*= -I ⇒ Y
= I C- 1 , 1)

In this
section
, you'll be using a

lot of algebra.

If you are having
trouble with it, see meor

math department tutors.
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second derivativeTest : second partial derivative txxfyyfxy
fyx
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g- ✗
3

t



Slide 7Copyright © 2019, 2015, 2011 Pearson Education, Inc.  A L W A Y S  L E A R N I N G

☒ Discriminant



Slide 8Copyright © 2019, 2015, 2011 Pearson Education, Inc.  A L W A Y S  L E A R N I N G

fy __ 49-4×-0 defined everywheref-✗= 4×3-49=0
4y=4X4×3=49

✗3=y
y=✗

critical point4⇒y=0×3=✗ 10,0

✗3-11=0 ✗= -1 ⇒ 9=-1 1-151)

✗(✗
2-17=0

✗ =/ ⇒ 5-1 ( 1,1J

✗ CXTDCX-13=0

✗ =O , -1 ,
I .
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+✗ =4×3-49, ty=4y-4x ,
critical Points

10.071111) (-1-1)

fix = 12×2 fxy= -4 fyy =4

D. ix. g) =fx×
- fyy - g)2=12×74

- C- 4) 2=48×216

Dead =48.02-16=-160 ⇒ saddle point
at co ,o)

DCI - 1) = 48-12-16=3220 & fix 11,17--12-12=1220

⇒ local min at Cli)

D C-b-1) = 48C - 1)2-16=3220
& fxx A ,-4=121-15--1220

⇒ local min at C-1,
-1)



Use the 2nd derivative test to classify the critical pts of the

function 1- IX.D= - 4xy -✗4- y
4
.

critical pts : C-1.13cL . -D , 10.0)

partial derivatives
: f-✗=-4g -4×3 fy = -4×-493 txy =-4
f-✗✗ = -12×2 fyy =-1292

☐ IX.g) = fxxfyytfxy) 2=(-12×41-1292)
- 1-45

= 144×292-16

Dco . 0=144-02-0
"

-16=-16 <3 saddle pt at (0-0)

DC-1,11=1441
- 1)
"

(1)
"

-1620
, f-xx 1-1,1) =

- REIKO, localmoxa-11-1,1)

pct ,-17=1441114-1
) -16 > 0 , full ,-1) = -12117<0 ,

local max at 4.⇒

2nd derivative test is conclusive for
all critical points

.
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- -

Find
f×= 4×3=0 fy-4293=0 critical point

: (0-0)

✗ =o y=o

f-xx -42×2 f×y=0 fyy=36yZ

D. IX. y ) =
(12×413692)-02=432 ✗2y2

Dcoio) = 0
⇒ Inconclusive

sin.fi?..:::Y-I:::::-:::I-..*
( o.o) is a local

and absolute minimum of the functionf-
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Inside : fx=4×=o ⇒ ✗=0

defined everywhere fy=zy=o ⇒ y so

critical Pt :(0,0 )

fl0.o)=2-0t③=f
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&" on the boundary : 4=4
cost , Y=4sint

3
"

02--1<-2-11
t 4° ←

"

ftp.zl4cos-54/4sTntT--3Lcos-tl6sTn-
16% df

= -64 Costsint -1325in
-408-1=-321051 sTnt=o

-40 , ¥, -4, ¥1,21T

f- to)= 32 , fl
7=16

,
ft ) ⇒ 2, f- 1%3=16

10,0)M÷÷÷÷÷¥÷( 4.0 )

( o ,-4)
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Inside : f-✗ =2x=o ⇒ ✗ =o

fg= -29=0 ⇒ y=o

critical point
(6-0)

Ohthe boundary
Inn indued) :

4=1 , -1 EXEL

f-1×3=1/2-1 .

✗= -1,-1<-94

fly)= ,-42
I

←
o

✗=L ,
- legs ,

fly)= 1-y2←

t
y= -1 ,

- IEXEI

fix)= ✗
2- I
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on the boundary
left-Right 1=-1-1

Top +Bottom
9=-11

f- (g)= 1- yh , ⇐yettext
f-
' (g) = -29=0

→ y=o

fix)=2X=0
→ 7=0 ✗

° g-
'

yo
' ↳ ✗

° ← I
g-c-D=

-

f- c-D=
0

f- co) = I
£10) =

-1

fly
--0 F p I 1- Ii) = 0

0 -1
0

No absolute maximum ar minimum on open
R

.

Yes on PT . Max -_ I mix
-_ -1
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15.8
Lagrange Multipliers
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Figure 15.79
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Figure 15.80
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Figure 15.81 (a & b)
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Figure 15.82 (a & b) continued…
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Figure 15.82 (c & d)
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Figure 15.83
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Figure 15.84
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Figure 15.85
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Figure 15.81 (a & b)

 Slide ‹#›Copyright © 2019, 2015, 2011 Pearson Education, Inc.  A LWAY S  L E A R N I N G

Figure 15.82 (a & b) continued…
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Figure 15.82 (c & d)
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Figure 15.84
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Figure 15.85
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Figure 15.82 (a & b) continued…
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Figure 15.85

☐tiny



EX vk.pl.
use Lagrange multipliers

to find the absolute maximum and minimum

of the function f-1×193=2×492 subject
to the constraint ✗7zy+yZ

glx, g) =X4zy
-192-15

Jfk, y) =L 4×1297 FgIX. g)= <2X , 2+247

F f =xÑg ⇒ 2411,297=712%2+247

4¥21 and 29=712--1292
4×-1,24=0

2×(2-7)=0
⇒ 7=0 orA-2

¥-0 : ritzy +42-15=0
⇒His-15=0 ⇒ y = -5

,
ya}

Pts:( o . -5) i. 3)

X : 29--7121-241--729=4+49 ⇒-29=4 ⇒ y= -2

✗421-4-105-15=0 ⇒ ✗4-15=7 x-ffs.pt" WE, -27,1nF:-D



Hy
"

25
10:57

9 ← Minimum Value
10,3)

ok, -2) 34

HE,-2) 34 ¥
maximum value .



Example
Use Lagrange multipliers

to find the o:bsolute maximum and
minimum

ofthe function 1-1×19,2-3=1/-141--2
subject to the

constraint ✗¥yzzz×y=p

f- ix.y , Z) =XtYtZ
91×1%71=75+47-2-2- ✗ y -5-

jf ⇒ Fg ⇒ f*=Ag×

t.y-79yfz-igz-t-x-r-x-y-xr-acz-syczx-yj-X.ly
-ID Cato

2×-9=24-11

/
EY : 1=712×-9> ⇒ 1=7-11 /⇒ zz=X⇒z=

7127)=AX
3X=3y ↳

✗ 7-8+11*5-5-5=0 .

←
x=y

⇒ ✗ 44×2=5

⇒ ¥×Es⇒x=±2



✗=y ,
2- = Ex

.

✗= -1-7

÷÷:***
.

12,31 ) 5 ← maximum

-5 ← minimum .
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Figure 15.85
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Figure 15.81 (a & b)
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Figure 15.82 (a & b) continued…
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Figure 15.82 (c & d)
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Figure 15.83
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Figure 15.84
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Figure 15.85
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Example -Closest point

Find the point
on the cone 2-2=5+4

-

that is closest to thepoint
C 1. 2, o]

Minimize TÉ+yz~ subject to 2-1×7-9

Minimize E×-¥¥Y¥ subject to -22-5-5=0
TEN

Ff --78g ⇒ zcx- D=
-Zax

zcy - 2)= -27g
27=27 2- ⇒ 2=0 or 7=1

.

7=0 : OÉXIY
"

⇒ oEx4y~⇒×=o candy-0 pt : 10.0.07

1=1 : 21×-17=-2×-74×-2 ⇒ ✗= I pt :( I. 1.¥7.151:?)
214-21=-29⇒ 44=4 ⇒ y=1 2-2--115+12=-41-11--5-4



ftp.x-D-y-i-z
'

(0-1)=1 Co-2)2+02=5
←

Max

10.0 .
0)

(÷ , ,¥,

(±-15+(1-2)=+1 5=4+1-1 ,É=¥=Eym,IÉ, 1. E)

ti -15+11-4-+1-E ): ¥+1 -1¥
-
- F -

- E.

closest pts : ( E , 1. E) and 1£ , I,
-Ee)


